This work introduces a linearized analytical model for the study of the dynamic of satellites in near circular orbits under the effects of the atmospheric drag. This includes the evaluation of the station keeping required for each satellite subjected to a control box strategy, and also the study of the dynamic of tandem formations between two or more satellites that are located on the same nominal space-track. The model takes into account the effect of the orbit perturbation provoked by the atmospheric drag, while the effects of the Earth gravitation potential are included in the definition of the nominal orbits of the satellites. This allows to easily define the maneuvering strategies for the satellites involved in the tandem formation and study their absolute and relative dynamic. In particular, this work focuses on the study of a master-slave scenario and the in plane maneuvers that these satellites require. Examples of application of this model are also provided.
between two or more satellites that are located in near circular Low Earth Orbits (LEO). In that respect, this work takes into account the fact that satellites may have different physical properties, that is, their masses, cross section areas or drag coefficients could be different. This means that, in general, the ballistic coefficients of the satellites considered could be different, making the orbit decay that each satellite experiences also different. Therefore, a relative dynamic that strongly depends on the ballistic coefficient ratio between both satellites is generated.
In order to perform this study, this manuscript describes a simple analytical methodology that allows to compute the order of magnitude of the orbital maneuvers required to compensate the effects of the atmospheric drag in the ground-track maintenance of a given orbit. This methodology allows an easy understanding and calculation of the problem considered, while obtaining a good accuracy in the estimations. This formulation is then applied to the relative motion between satellites in tandem formation, where it is assumed that the satellites are located over the same trajectory in the ECEF (Earth Centered Earth Fixed) frame of reference. In that sense, the manuscript focuses on a master-slave scenario as an example of direct application of the methodology presented.
Compared to other studies about relative motion and linearized dynamics [7] [8] [9] [10] , this work presents a much simpler set of equations for the study of the problem at the cost of some accuracy. Nevertheless, the proposed model allows to obtain a first order approximation of the dynamic of the system that can be used to clearly identify the effects of the variables involved in the problem to perform mission design, or to implement it on board spacecrafts due to its low computational requirements.
This work is organized as follows. First, an introduction of the problem and the hypothesis that are assumed is presented. Second, the formulation for an absolute station keeping of a satellite is described, which is the basis of the formulation that is later used in the tandem formation study. Third, the model for tandem formation is shown, which includes a simple set of equations to study the dynamic of the system. Fourth, the model presented is applied for the case of a master-slave scenario, which includes the study on the evolution of the system, its possible maneuvering strategies and the definition of a control law for the formation. Finally, an example of application is included to show the possibilities of this model.
II. Preliminaries
Throughout this work we make use of the classical orbital elements, namely the semi-major axis (a), the inclination (i), the eccentricity (e), the argument of perigee ω, the right ascension of the ascending node (Ω) and the mean anomaly (M). Other important parameters used are the Earth gravitational constant (µ), the term J 2 of the Earth gravitational potential (which is related to the oblateness of the Earth), the Earth spin rate (ω ⊕ ) and the Earth equatorial radius (R ⊕ ).
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A. Hypothesis of the model
In order to develop a simple model which can be used in the study of the tandem formation between two or more satellites, some assumptions must be introduced. Thus, we present in this section all the hypothesis that are assumed during this work as a first order approximation to the problem. First, the model introduced focuses on the study of satellites in near circular Low Earth Orbits (LEO). This means that, in general, the accelerations produced by the Earth gravitational potential and the atmospheric drag are the dominant perturbations, being other perturbations, such as the Sun and Moon as third bodies, the solar radiation pressure or the albedo, negligible when compared to the dominant perturbations.
Second, it is assumed that the nominal orbits of the satellites are defined by taking into account of effects of the Earth gravitational potential. This means that these nominal orbits are in fact perturbed trajectories under the perturbation produced by the Earth gravitational potential. For instance, and for the case of repeating ground-track orbits, these nominal orbits correspond to the orbits that, under the effects of just the Earth gravitational potential, maintain the repeating ground-track property without requiring additional orbital maneuvers [11] [12] [13] . The objective of the definition of these nominal orbits is to allow the decoupling of the effects of the atmospheric drag and the Earth gravitational potential. This means that later, during the study, we will be able to focus on the effects of the atmospheric drag.
Third, a constant reference density is considered during the propagation of the system instead of a density that varies over time. This reference density is defined based on a prediction for the next maneuvering cycle, and thus, it presents a high uncertainty. However, even with this limitation, the model is able to provide the general behavior of the system, being the approximation more precise the better the prediction performed. Additionally, this model can be also used in its differential formulation to take into account a varying density over the dynamic of the system. Fourth, all the orbital maneuvers required for the maintenance of the formation are assumed to be in plane impulses that are tangent to the orbit. In particular, each complete orbital maneuver will consist on two burn impulses via a Hohmann transfer. These maneuvers have the purpose to raise the orbit in such a way that satellites always lay inside the set of boundaries defined by their mission requirements [11] .
III. Absolute maintenance
In this section we propose a model to study the station keeping maneuvers required to maintain a satellite inside a control box around its nominal orbit. This model is defined by selecting the nominal orbit of the satellite as the reference for the dynamic, where the position of the perturbed satellite is described using the along track and cross track distances with respect to its nominal orbit. To that end, we first study the dynamic of a satellite subjected to the perturbation produced by the atmospheric drag, focusing on the evolution of its semi-major axis over time. Then, the station keeping, with defined boundaries both in the along track and cross track distances, is studied. Comparison with the effects of the term J 2 from the Earth gravitational potential are also included since it is the most important perturbation for LEO.
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A. Dynamic of the satellite
In this first subsection, we deal with the general dynamic of the satellite under the effects of the atmospheric drag.
In particular, we derive a set of equations to easily compute the orbit decay and the variation that the orbital period experiences under the effects of this perturbation. These results are the basis of the model introduced later.
Orbit decay
The derivative of the semi-major axis can be obtained from Gauss equations particularized for the case of circular orbits [11] :
where v is the velocity of the satellite and γ θ is the perturbing acceleration in the direction of the movement. In the case of atmospheric drag, this acceleration can be approximated by:
where ρ is the atmospheric density in the satellite position, S is the cross section area, m is the mass of the satellite, and c d is the drag coefficient of the satellite. On the other hand, from the equation of energy applied to the orbit, we can obtain the following expression:
from where it is possible to derive the velocity of the satellite in the nominal orbit:
The value of the velocity (v) derived is then used in order to obtain the derivative of the semi-major axis:
which provides a very simple expression that allows to compute the dynamic of a satellite in a near circular orbit.
From Equation (5), and under the assumption that the atmospheric density is constant (see Section II.A), a direct integration can be performed in order to obtain the variation that the semi-major axis has experienced (δa) in a given time (t):
Alternatively, and if a more simplified expression is required, a linear evolution on the semi-major axis can be assumed since the variations that this variable experiences are very small in time considered between orbital maneuvers. That way, by integrating Equation (5), the variation that the semi-major axis experiences over time can be obtained:
Another possible approach is to consider the semi-major axis of the orbit near constant during the integration (since its variation is in general small when compared with its absolute value) while taking into account the variation of the atmospheric density. That way, Equation (5) can be integrated to obtain:
Along track drift
Let a 0 be the nominal semi-major axis of the satellite orbit, that is, the semi-major axis that allows the achievement of the ground-track property of the orbit under the effects of the Earth gravitational potential. As a first order approximation to the problem, only the J 2 term of the Earth gravitational potential is taken into account. Therefore, the mean motion associated with the nominal orbit (n 0 ) can be obtained using the following expression [11] :
where R ⊕ is the Earth radius at the equator. On the other hand, let a be the actual mean semi-major axis of the orbit in a given instant. The value of a can be expressed by means of the nominal semi-major axis as:
with ∆a being, in general, small compared to a 0 . This means that the mean motion of the satellite for a given instant can be written as:
From the nominal and instantaneous mean motions of the satellite (Equations (9) and (11) respectively), it is possible to compute the time drift experienced by the satellite in an orbital period (∆t T ) with respect to its nominal orbit:
5 or in a differential formulation:
Once this is done, a first order approximation is performed by a Taylor series expansion in the non-dimensional parameter ∆a/a. That way, the inverse of the mean motion can be approximated by:
Now, a comparison between the first and second order terms in the previous expression is performed, where it is easy to derive that:
which allows to obtain a first order approximation of Equation (14):
Then, Equation (16) is introduced in Equation (13) and after some simple equation manipulations, the following expression is obtained:
Additionally, n 0 can be approximated by:
since the term in J 2 is a thousand times smaller that the one that is maintained. That way, the derivative of the time drift is:
and, if we assume that the orbit decay is linear during a small period of time (see Equation (7)), we obtain:
where ∆a 0 is the initial semi-major axis of the satellite related to the nominal orbit, that is, a = a 0 + ∆a 0 . Note that Equation (20) is valid for orbits with any eccentricity and scenarios where the density in non-constant since no simplification has been done during the process in that respect. If instead we focus on the case of circular orbits, the 6 previous expression can be rewritten as:
Then, if the density is considered to be constant, the integral can be calculated analytically, leading to:
which provides the evolution of the along track drift of a satellite with respect to its nominal orbit by the use of a very simple and compact expression. Note also that Equation (22) only depends on the initial conditions of the satellite (∆t 0 , ∆a 0 and a 0 ), its physical properties (S, m and c d ), the atmospheric density (ρ) and the time in which the drift is evaluated (t). This means that it is possible to define the whole dynamic of the system by the definition of these parameters, no requiring further information.
B. Cross track maintenance
The objective now is to derive a series of equations that allow to compute in a simple and compact manner the maneuver frequency, size of the maneuver and impulse per maneuver that a satellite requires in order to maintain its orbit in a cross track boundary defined by its mission requirements. In that respect, it is assumed that, since the only orbit perturbation considered is the atmospheric drag, the maximum drift of the ground-tracks happens when satellites fly over at the Earth equator. If other perturbations were taken into account, such as the Sun as third body, this assumption would be no longer applicable, as the inclination can also experience variations due to these orbital perturbations.
Maneuver frequency
In order to compute the maneuver frequency, it is first required to know the rate of change that the deviation of the ground-track experiences over time. Once this result is obtained, the evolution of the ground-track drift will be computed by the integration of its rate of change. Finally, a relation between the time between maneuvers (maneuver frequency) and the dead band requirement will be established using these expressions.
Let ∆λ be the angle shifted with respect to the nominal definition that the ground-track has experienced over the Equator at a given time t, being ∆λ defined as positive when the ground-track deviation is towards the East and negative when it is towards the West. Then, the ground-track drift at a given time can be obtained using the result from Equation (22) applied to the resultant angle shifted during the rotation of the Earth:
where ∆λ 0 is the ground-track drift when t = 0. Now, we are interested to know the time frequency between maneuvers. Let ∆λ s be the total dead band size that the mission is aiming for, that is, the maximum angle allowed by the mission requirements measured from the western to the eastern boundary. From Equation (23), the derivative of the ground-track drift can be obtained:
where it can be noted that the change in the direction of the drift happens when the semi-major axis of the orbit is equal to a 0 , and thus, ∆a 0 = 0. This also implies that, as the orbit decays over time, the point corresponding to the western boundary shall be the one where a = a 0 in order to impose the boundary conditions of the mission. Let this point be the starting condition for this study (see also Figure 1 ). That way, it is possible to calculate half the maneuvering period (T DB ) using Equation (23):
Thus, the maneuvering frequency (T M cross ) to compensate the atmospheric drag and maintain the dead band defined is:
It is important to note that once the requirements of the mission (∆λ s ), the satellite physical properties ( S m c d ), and the nominal semi-major axis of the orbit (a 0 ) are established, Equation (26) only depends on the atmospheric density at the 8 altitude of the satellite. In particular:
In the previous result, the model assumed that the orbital plane was coincident with the instantaneous orbital plane resultant from the propagation of the nominal orbit. This means that the considered orbital plane drifts due to the effect of the gravitational potential of the Earth at the same rate than the nominal orbit, but this also implies that this drift does not produce any relative movement in the ground-track since nominal orbits are assumed to perfectly close their ground-tracks under the effect of the Earth gravitational potential by definition. However, since the J 2 perturbation is the largest perturbing force affecting the problem in LEO, we still have to study the effects that the variation of the semi-major axis produce in the rate at which the orbital plane drifts, which could affect the relative moment of the ground-track of the satellite.
The J 2 perturbation produces a drift in the right ascension of the ascending node of the satellite orbits. This effect is bigger the closer is the satellite to the Earth. Let ∆λ Ω be the drift produced by this perturbation with respect to the nominal orbit in a given instant. Then, its dynamic can be defined as:
where Ω 0 relates to the nominal orbit and Ω to the perturbed orbit. Using the secular variation of the derivative of Ω produced by the J 2 perturbation:
we can obtain that:
where δa a 0 is the variation of the semi-major axis of the orbit with respect to its nominal value. As before, a
Taylor series expansion is performed in this expression using the variation of the semi-major axis δa/a 0 as the variable, obtaining:
Finally, by performing the integration for the case of near circular orbits and constant density, the evolution of the drift is obtained:
The objective now is to compare the deviation due to the delay in the period with the one produced by the drift in the orbital plane. Without loss of generality, let ∆λ 0 = 0. Then, by using Equations (23) and (32):
This shows that, in general, the effect of the drift in the orbital plane is negligible compared with the effect of the variation in the orbital period of the orbit.
Size of the maneuvers
Once the time between maneuvers has been calculated, it is now possible to compute the size of the maneuver. From
Equations (5) and (26), the size of the maneuver is directly obtained:
where ρ is the reference density during the maneuvering cycle, and the rest of parameters only depend on the satellite and the nominal orbit.
Impulse required
Having obtained the size of the maneuver, we can proceed deriving the expressions for the impulse required in each maneuver. In order to do that, we assume that the maneuver is based on a Hohmann transfer consisting on two impulses.
The first impulse is performed in the original orbit in the direction of the movement in order to increase the velocity of the satellite and the semi-major axis in such a way that the apogee of the orbit is located in the final orbit. The second impulse is performed at the apogee of the transfer orbit in the opposite direction of the movement, and such that the final orbit presents the semi-major axis required.
Let a i and a f be the semi-major axes of the initial and final orbits respectively. Then, both semi-major axes can be defined in terms of the nominal orbit and the maneuver size, in particular:
If the initial and final orbits are circular orbits, the semi-major axis of the transfer orbit (a t ) is:
and the speed of the satellite before and after the maneuvers are:
where v i and v f are the velocity of the initial and final orbits; and v ti and v t f are the initial and final velocities of the satellite in the transfer orbit. Thus, the total impulse of the maneuvers (∆v) is computed through:
which using the former expressions leads to:
Equation (39) can be simplified by performing a first order Taylor series expansion in ∆a 2a 0 . That way:
which is a much simpler expression to compute the impulse required in each maneuver.
C. Along track maintenance
In this section, the study of the along track maintenance of an orbit is presented. This provides a useful alternative to the definition of the mission requirements using the dead band of the ground-tracks that can have other applications such as imposing a boundary in the date of the orbits. In that respect, we focus in here on the computation of the frequency between in plane maneuvers, as well as on the size and impulse required for each maneuvering cycle.
Maneuver frequency
Let ∆τ s be the range in the along track time distance with respect to the reference orbit that the satellite is allowed to present. Let ∆a 0 = 0 be the initial condition of the variation in the semi-major axis. Then, using Equation (22):
where T b represents the time that the satellite takes to move from one boundary to the opposite (see Figure 2) . Thus, the time between maneuvers is two times this value, as the opposite movement requires also to be taken into account. That way, the maneuver frequency (T M ) is: 
Size of the maneuver and impulse required
The size of the maneuver and the impulse required follow the same equations shown for the case of cross track maintenance (Equations (6) and (40)) but for the different maneuver frequency. Therefore, we do not repeat their derivation in here. Using Equation (42), the size of the maneuver is:
while the impulse required per maneuver is:
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D. Along and cross boundary relation
In the former sections, the along and cross maintenance of the ground-track of the orbit were considered. However, each effect was studied separately. The objective now is to define a relation between both effects in order to determine the most restrictive condition for the mission.
From Equations (26) and (42) a relation between both maneuver frequencies can be obtained:
where it can be clearly seen that it only depends on the square root of the relation between the size of the dead band and the available range in the along track time distance.
IV. Tandem formation
In this section, a study of the tandem formation of two satellites laying in the same nominal ground-track is presented.
This means that both satellites will observe the same regions of the Earth under the same geometry, a very important property in many Earth observation missions. In addition, a master-slave scenario is considered, where the master satellite will perform its operations as if not in formation, while the slave will be subjected to the dynamic of its master.
This can represent a scenario where one satellite of the formation acts as a leader, or a mission where a satellite is required to work in cooperation with another satellite already in orbit.
In order to perform this study, several considerations must be taken into account. First, both satellites can have different values of their ballistic coefficients. This means that the considered satellites can present different designs, or alternatively, that each satellite is subjected to different conditions. Second, there should be a delay between the moment in which the second satellite performs its maneuver and the first one. This condition represents the fact that, due to the process required for the maneuvering operations, some time is needed between the maneuver of the first satellite and the second in order to assure the identification of the final orbit from the first satellite, and to define the proper impulse for the second satellite.
That way, and as a result of the present study, it can be derived that the dynamic of the system will depend primary on the following parameters: the control strategy selected, the atmospheric density, the ratio between the ballistic coefficients of both satellites and the time delay between the maneuvers of the satellites. In that regard, we introduce two maneuvering strategies in this work, which are then studied as a function of the rest of the mentioned parameters.
A. Nominal definition of the system
As the tandem formation requires to share the same nominal ground-track, that is, all the satellites follow the same relative space-track from the Earth Centered Earth Fixed (ECEF) frame of reference, we use a formulation based on the 13 along track time distances between satellites to define this particular configuration. In particular, in Arnas et al. [14, 15] , the definition of the constellation is performed directly in the ECEF frame of reference, being able to define a set of ground-tracks where the satellites of the constellation are located. That way, and following this formulation, the relative distribution of the constellation can be defined as:
where ∆Ω kq , ∆M kq are the values of the right ascension of the ascending node and the mean anomaly respect to the reference satellite respectively. On the other hand, t q and t k represent the distribution in time of the satellites along the different relative trajectories, in such a way that satellite (k, q) is placed in the position q of the relative trajectory k. All other orbital elements (semi-major axis, eccentricity, inclination and argument of perigee) are common for all the satellites of the constellation. As we are interested in a tandem formation, only one relative trajectory is required (t k = 0), and thus:
being t q a distribution parameters representing the time that it takes for one satellite to pass over the same position in the ECEF frame of reference after the reference satellite. This distribution means that, for satellites flying in tandem, each satellite presents a different orbit, or more precisely, that all satellites from the tandem have a slightly rotated orbital plane with respect to the reference orbit.
B. Evolution of the time distance between two satellites
Let bc r be the ballistic coefficient ratio between two satellites, that is:
where
are the ballistic coefficients of the master satellite and the slave satellite respectively, and m, S and c d are the mass, the cross surface and the drag coefficient of each satellite. Thus, the along track deviation of each satellite with respect to its nominal definition can be expressed by means of the dynamic of the master satellite. By using Equation (22):
being ∆t 1 and ∆t 2 the along track distances of each satellite with respect to their nominal orbits, ∆t 10 and ∆t 20 are their initial along track distances with respect to the nominal, and ∆a 10 and ∆a 20 are the initial semi-major axes of both satellites with respect to the reference orbit.
As both satellites are defined in the same nominal trajectory, it is possible to relate the along track position of one satellite to the other. In particular, the along track distance between both satellites can be expressed as:
where:
is the initial along track distance between both satellites. As it can be seen in Equation (51), the dynamic only depends on the density, the ballistic coefficient, and the initial position of the slave satellite with respect to its master (represented by the quantities ∆t 0 and ∆a 20 − ∆a 10 ). Moreover, it is also possible to determine the differential form of Equation (51).
From Equation (20), we obtain:
which can be used to perform an integration taking into account a non-constant density during the dynamic.
Maximum variation of the along track distance
The extreme of the time distance between two satellites can be easily obtained using Equation (51) by calculating its derivative:
This expression allows to derive that the time in which the extreme (t extreme ) happens is:
15 which can be introduced in Equation (51) in order to obtain the maximum variation of the time distance between two satellites:
It is important to note that this extreme can represent the closest point or the farthest point in the dynamic, depending on the ratio of ballistic coefficients and the position of the slave satellite with respect to its master, that is, if the slave is ahead or behind its master.
C. Basic tandem maneuvering strategy
One of the most simple control strategies for a master-slave scenario mission consist of imposing the slave satellite to mimic all the in plane maneuvers that its master performs during its dynamic. This means that both satellites will share the same time frequency between maneuvers. However, as the ballistic coefficients of both satellites are different, the size of the maneuvers as well as the dead bands of both satellites are different. Figure 3 shows the graphical representation of the idea behind this maneuvering strategy. As it can be seen, both satellites have different variations in their semi-major axis due to different ballistic coefficients. Moreover, it can also be observed that there is a delay between the maneuvers of the master and the slave satellites, which changes slightly the dynamic of the system but maintains the frequency at which the maneuvers of both satellites are performed. 
Relation in the maintenance boundaries
The control that has been selected imposes that both satellites must have the same maneuvering frequency but for a delay between the maneuvers of the slave and master satellites. Let T M be the most restrictive maneuvering frequency from the along and the cross track maintenance of the master satellite. Then relating to the cross track deviation of both 16 satellites:
where ∆λ s1 and ∆λ s2 are the dead bands of the master and the slave satellite respectively. By performing some basic operations, a relation between both dead bands can be obtained:
which means that if the ballistic coefficient of the slave is smaller, its dead band will be larger and vice versa.
On the other hand, if we relate the frequency between maneuvers with the along track deviation of both satellites, this relation is obtained:
where ∆τ s1 and ∆τ s2 are the boundaries in along track distance of the master and the slave respectively. This expression can be used to relate the boundaries of both satellites with respect to their nominal orbits:
Finally, the size of the maneuvers of the master and slave satellites is compared. As both present the same frequency between maneuvers, the size of their maneuvers is:
being ∆a 1 and ∆a 2 the maneuver size of the master and the slave respectively. Thus, the relation between both maneuver sizes is:
Therefore, the relation in the impulse required for both satellites in each impulsive maneuver is:
where ∆v 1 and ∆v 2 are the impulses required in each maneuver for the master and the slave satellite respectively.
Nominal operation of the maneuvering strategy
From now on we will assume that T M is the frequency between maneuvers of the most restrictive boundary for the master satellite. That way, by using Equation (22) and imposing a complete maneuvering cycle:
the initial condition of the master satellite after its maneuver can be obtained:
The same operation can be done for the slave satellite obtaining:
However, it is important to note that as the maneuver of both satellites is performed at different moments, we cannot apply this initial conditions directly in Equation (51).
Let assume that the master satellite always performs its maneuvers first and that the slave satellite is flying ahead of its master. In that case, just after the slave satellite has performed its maneuver, the master has already decayed a quantity proportional to the time delay between maneuvers. In particular:
where t d is the time delay between the maneuvers of the master and the ones of the slave satellite. Now, we can introduce this result in Equation (51) to obtain the dynamic of the system for the time period ranging between the maneuver of the slave and the one of the master:
where time t is related to the end of the maneuver of the slave satellite, and ∆t 0 is the maximum (if bc r < 1, or minimum if bc r > 1) along track distance of the satellites in the dynamic (which is also the initial along track distance for this period). On the other hand, for the time period ranging between the maneuver of the master and the one of the slave, the dynamic is governed by:
being t related this time to the moment in which the master satellite performs its maneuver. Moreover it is possible to identify:
as the along track distance between the satellites at the time where the master satellite performs its maneuver.
In either case, the maximum variation of the along track distance happens in the period between the maneuver of the slave satellite and the one of its master. In particular, the extreme of the along track distance is located in:
Thus, it is easy to derive that if the time delay between maneuvers fulfills the condition t d < (1 − bc r )T M /2, the maximum variation of the along track distance is equal to:
where, if we consider the cross track maintenance as the most restrictive control requirement for the master satellite, we obtain:
Conversely, if t d > (1 − bc r )T M /2, the maximum variation happens just before the maneuver of the master satellite.
That way, by using Equation (51) it is possible to obtain the maximum variation of the along track time distance between satellites:
Note that the case studied in here represents the situation where the master satellite always performs its maneuvers earlier, and the slave satellite flies ahead of its master. Other cases of study can be solved similarly to the one presented, being the only differences the changes in the initial conditions that are selected in order to apply Equation (51).
Definition of control laws
The model presented in the previous sections allows to easily define control laws for the system due to the simplicity of the model. Therefore, in this section we propose a very easy control devised to maintain satellites in their defined orbital boundaries, while at the same time, we take into account variations in the expected results for the impulse maneuvers and the atmospheric density during the dynamic of the system. Note that the control law presented in here is just an example of what can be done using the proposed model.
As the problem in study is based on a master-slave scenario, we assume that the control law of the master satellite is given by its mission, and thus, there is no possibility to interfere with it. This means that the control law proposed in this section will only apply to the slave satellite, having to adapt to the dynamic of its master.
Let ∆a 10 be the planned initial position of the master satellite in semi-major axis with respect to its nominal orbit, and let ∆a * 10 be the actual semi-major after performing its in plane maneuver. Note that ∆a * 10 already includes the possible errors in the maneuver of the master satellite. From the value ∆a 10 it is possible to obtain the reference density (ρ r ) that was used to define the last maneuver of the master satellite. In particular, for the case in which the cross track maintenance is more restrictive than the along track maintenance:
and thus:
That way, the expected time between maneuvers that it has to be imposed to the slave satellite is:
which already includes the effect of the error in the master's maneuver. It is important to note that this time between maneuvers will not happen in reality as the conditions of the maneuvering cycle will be different from the ones predicted.
However, this value allows to define the maneuver for the slave satellite. Now, we have to define the maneuver of the slave satellite. First, we assume that due to previous errors in the prediction of the cycle conditions, the relative position of the slave satellite differs from the nominal. Let t e be error in the along track distance that the slave satellite is experiencing at the moment in which the maneuver should be performed.
This also represents the amount of along track distance that the satellite has to correct in the next maneuvering cycle.
Then, using Equation (22):
the initial value of the semi-major axis of the slave satellite with respect to its nominal orbit can be obtained:
which can be expressed in terms of the maneuver of the master satellite:
and for the case of being the cross track the most restrictive boundary:
t e ω ⊕ ∆a 2 10 ∆λ s1 ∆a *
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(81)
One additional thing to notice is that the maneuver of the slave satellite will also have errors in its execution.
However, this errors will be corrected in the next planned maneuver, as they will be part of the term t e in the new cycle.
D. Alternative maneuvering strategy
In many space applications, specially in Earth observation missions, it is extremely interesting to bound the along track time distance between satellites as much as possible, since that situation allows satellites to provide a more homogeneous quality in their measurements. For that reason, in this section we introduce an alternative master-slave maneuvering strategy in order to reduce the maximum variation in the along track distance between both satellites during their dynamic. This alternative strategy is based on the compromise that even if one of the satellites of the formation is unable to perform its orbital maneuvers, the minimum distance between both satellites remains controlled and bounded at any moment in the dynamic.
Since the majority of slave satellites usually are smaller than their masters, we will assume that the slave satellite has a smaller ballistic coefficient. Moreover, and without loss in generality, we will assume that the slave satellite flies ahead of his master. Note that other configurations can also be studied using the general formulation from previous sections.
Fig. 4 Multiple maneuvering strategy concept.
In order to fulfill the goals considered, we impose that, whenever possible, both satellites have to present the same semi-major axis when the master satellite performs its maneuver. In addition, the slave satellite will perform its maneuvers when the along track distance matches the maximum of the maneuvering cycle. That way, if the master satellite fails its in plane maneuver, both satellites will separate each other naturally, thus, improving the safety of the mission for such cases. A representation of this dynamic between the last two consecutive maneuvers of the slave satellite can be seen in Figure 4 , where t 1 has been defined as the time from the last additional maneuver of the slave satellite to the maneuver of its master.
From the derivative of Equation (51), the time defined between the additional maneuver of the slave satellite and the master maneuver (t 1 ) can be computed:
On the other hand, since the initial and final along track distances when the slave satellite performs its maneuvers is the same, the following expression can be derived:
Finally, from the system given by Equations (82), (83) and (84), parameters t 1 and ∆a 20 can be obtained:
It is important to note that if t 1 > T M − t d or bc r = 1, it is not possible to include an additional maneuver of the slave satellite under these conditions. Moreover, there are situations where more than one additional maneuver can be included. In such cases, and in order to limit the maximum variation of the along track distance between satellites, the minimum along track distance between the satellites in the period in between the slave maneuvers must be equal to the along track distance between satellites when the master satellite performs its maneuver. That is, by using Equation (56):
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That way:
where t i represents the time between two consecutive maneuvers of the slave satellite, ∆a 2i the initial semi-major axis of the slave satellite with respect to its nominal orbit after its maneuver is performed, and ∆a 1i is the semi-major axis of the master satellite with respect to its reference orbit for the same instant.
V. Example of application
In this section we apply the formulation presented in this work to a particular problem. To that end, we first assess the control strategy of a single satellite, and later we study a tandem formation where the previous satellite will be used as the master of the formation. In this example, and without loss in generality, we use sun-synchronous orbits since these are quite widespread in the LEO region.
First of all, we require to define the mass properties of the satellite in study and its nominal orbit. To that end, we select a satellite of 1285 kg of mass, cross section of 8.5 m 2 , and a drag coefficient of 2.2, that will fly in a repeating ground-track orbit that repeats its cycle each 27 days or 385 orbital revolutions, with local time at the ascending node of 22:00, and a dead band of ±1 km. This corresponds to a satellite similar to Sentinel-3A, an Earth observation satellite from the European Space Agency. Once the master satellite is defined, we can now evaluate the dynamic of a master-slave formation. To that end, we select a satellite that will fly ahead of its master with a different ballistic coefficient (bc r = 0.5) and that will perform its maneuvers three days after the master satellite of the formation. Figure 7 shows the evolution of the along track distance between both satellites for a mean density of ρ = 2.624e − 14kg/m 3 using both the analytical model presented in this manuscript and a standard propagator based on a Runge-Kutta method (solid lines). As can be seen, the analytical and the numerical solutions for the mean density are nearly matching. In that respect, Figure 8 shows the difference between the solution of the analytical and numerical approach. In this figure we can observe that for each orbital period the error oscillates due to the effect of the Earth gravitational potential and the other simplifications performed. Nevertheless, this error does not increase during the dynamic of the system, having a relative error in the order of 1% when compared to the relative dynamic of the system. Another interesting study is to evaluate how a change in the atmospheric density affects the dynamic of the system. In that sense, Figure 7 also shows the along track time distance evolution of the two satellites if a variation of ±10% of the density is considered. As can be observed, the variation of the dynamic due to a change of density is much larger than the effect of the simplifications performed to derive the analytical model. This means that the proposed model can be used not only to define a boundary for the solutions by imposing a level of uncertainty for the density in the analytical model, but also to have a first order solution that is very easy to compute on board spacecrafts. Additionally, similar experiments have been performed with non constant atmospheric densities. In those cases, instead of using the integral formulation (which assumes a constant mean density), it is possible to integrate the differential formulation (see Equations (20) and (53)) where now, the atmospheric density affecting the satellite is a function of time and position. As before, we compared this methodology with a direct propagation of the satellites involved obtaining similar results as the ones obtained in Figure 8 . Therefore, we show that this methodology can be used as a tool to obtain a first order approximation of the relative motion of the system in a very simple manner.
The model presented in this work has also been successfully applied to the European Space Agency's mission FLEX [4] , which is planned to have a tandem formation with a satellite already in orbit, Sentinel-3. A complete parametric study was performed for that mission using this model [16] , where all results were cross checked with standard orbital propagators. Note also that this model can be used to study the dynamic during the station keeping in plane maneuvers as shown in Ref [16] . Other examples of application of this model for station keeping can be seen in Arnas [13].
VI. Conclusions
This work introduces a linearized analytical model to study the dynamic of satellites in near circular Low Earth Orbits under the effects of the atmospheric drag. The model is based on the idea of defining a nominal orbit that already contains the effects of the Earth gravitational potential, and determine the relative motion of the satellites with respect to this nominal orbit. That way, it is possible to decouple the effects of both the Earth gravitational potential and the atmospheric drag to ease the study of these systems.
The model proposed in this manuscript is first used to evaluate the station keeping maneuvers that satellites require to maintain their orbit in a defined control box. Then, these results are used to extend its application to tandem formations of satellites flying in the same nominal ground-track and study their absolute and relative dynamic.
This formulation allows to study the problem in a very simple manner, while providing in addition, a clear understanding on the influence of the different variables in the problem. In that respect, this manuscript shows how the along track dynamic between two satellites, flying in tandem under a master slave scenario, depends primary on the density during the dynamic, the relation between the ballistic coefficients of both satellites and the time delay between the in plane maneuvers of the satellites.
On the other hand, this methodology has been used to define two maneuvering strategies and asses their performance regarding the maximum variation of the along track time distance between the satellites of the formation. In particular, the first strategy presented in based on the idea of making the slave satellite to mimic the in plane maneuvers of its master. This allows a simple control and operation of the mission while maintaining the tandem configuration.
In addition, an alternative maneuvering strategy is presented, where, instead of performing just one in plane maneuver of the slave satellite per each one of the master satellite, several are performed in such a way that the maximum variation of the along track distance is reduced and, at the same time, this distance is controlled and bounded at any time, even in the case when one of the satellites is unable to perform orbital maneuvers.
Finally, it is important to note that due to the simplicity of this model, and the low amount of computations that it requires to provide an approximated solution to the problem, this model could be potentially used for the autonomous computation of orbital maneuvers on board spacecrafts. That way, satellites already in orbit could have a first order approximation of their dynamic and possible orbital maneuvers in a simple and fast process.
[12] W , C., A Prograde Geosat Exact Repeat Mission?, Journal of the Astronautical Sciences, Vol. 39, 1991, pp. 313-326.
[13] A , D., Necklace Flower Constellations. Thesis dissertation, Universidad de Zaragoza (2018).
[14] A , D., C , D., and T , E., 
